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Abstract
We construct the integrals of motion for the 5D deformed Kepler
system with non-central potentials in su(2) Yang-Coulomb monopole
field. We show that these integrals form a higher rank quadratic al-
gebra Q(3;Lso(4), T su(2)) ⊕ so(4), with structure constants involving
the Casimir operators of so(4) and su(2) Lie algebras. We realize the
quadratic algebra in terms of the deformed oscillator and construct
its finite-dimensional unitary representations. This enable us to de-
rive the energy spectrum of the system algebraically. Furthermore we
show that the model is multiseparable and allows separation of vari-
ables in the hyperspherical and parabolic coordinates. We also show
the separability of its 8D dual system (i.e. the 8D singular harmonic
oscillator) in the Euler and cylindrical coordinates.
1 Introduction
Quantum mechanical systems in Dirac monopole [1] or Yang’s non-abelian
su(2) monopole [2] fields have remained a subject of international research
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interest. In [3] the structural similarity between su(2) gauge system and
the 5D Kepler problem was discussed in the scheme of algebraic constraint
quantization. Various 5D Kepler systems with su(2) monopole (or Yang-
Coulomb monopole) interactions have been investigated by many authors
[4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. Superintegrability of certain
monopole systems has been shown in [17, 18, 19, 20, 21, 22, 23].
There exists established connection between 2, 3, 5 and 9-dimensional
hydrogen-like atoms and 2, 4, 8 and 16-dimensional harmonic oscillators,
respectively [24, 25, 26, 27, 28, 29]. In [30] one of the present authors proved
the superintegrability of the 5D Kepler system deformed with non-central
terms in Yang-Coulomb monopole (YCM) field. This was achieved by re-
lating this system to an 8D singular harmonic oscillator via the Hurwitz
transformations [31, 32]. An algebraic calculation of the spectrum of the 8D
dual system was performed, which enabled the author to deduce the spec-
trum of the 5D deformed Kepler YCM system via duality between the two
models.
However, algebraic structure of the 5D deformed Kepler YCM system and
a direct derivation of its spectrum via the symmetry algebra have remained
an open problem. Such algebraic approach is expected to provide deeper
understanding to the degeneracies of the energy spectrum and the connection
of the wavefunctions with special functions and orthogonal polynomials.
Symmetry algebras generated by integrals of motion of superintegrable sys-
tems are in general polynomial algebras with structure constants involving
Casimir operators of certain Lie algebras [33, 34, 35, 36, 37, 38, 39, 40, 41,
42, 43]. The purpose of this paper is to obtain the algebraic structure in
the 5D deformed Kepler YCM system and apply it to give a direct alge-
braic derivation of the energy spectrum of the model. We construct the
integrals of motion and show that they form a higher rank quadratic alge-
bra Q(3;Lso(4), T su(2))⊕so(4) with structure constants involving the Casimir
operators of so(4) and su(2) Lie algebras. This quadratic algebra structure
enable us to give an algebraic derivation of the energy spectrum of the model.
Furthermore, we show that the model is separable in the hyperspherical and
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parabolic coordinates. We also show the separability of its 8D dual system
(i.e. the 8D singular harmonic oscillator) in Euler and cylindrical coordi-
nates.
2 Kepler system in Yang-Coulomb monopole
field
The 5D Kepler-Coulomb system with Yang-Coulomb monopole interaction
is defined by the Hamiltonian [4, 30]
H = 12
(
−i~ ∂
∂xj
− ~AajTa
)2
+ ~
2
2r2 Tˆ
2 − c0
r
, (2.1)
where j = 0, 1, 2, 3, 4 and {Ta, a = 1, 2, 3} are the su(2) gauge group genera-
tors which satisfy the commutation relations
[Ta, Tb] = iϵabcTc. (2.2)
Tˆ 2 = T aT a is the Casimir operator of su(2) and Aaj are the components of
the monopole potential Aa, which can be written as
Aaj =
2i
r(r + x0)
τajkxk. (2.3)
Here τa are the 5× 5 matrices
τ 1 = 12
0 0 00 0 −iσ1
0 iσ1 0
 , τ 2 = 12
0 0 00 0 iσ3
0 −iσ3 0
 , τ 3 = 12
0 0 00 σ2 0
0 0 σ2
 ,
(2.4)
which satisfy [τa, τ b] = iϵabcτ c and σi are the Pauli matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (2.5)
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The vector potentials Aa are orthogonal to each other,
Aa ·Ab = 1
r2
r − x0
r + x0
δab (2.6)
and to the vector x = (x0, x1, x2, x3, x4).
The Kepler-Coulomb model Hamiltonian has the following integrals of mo-
tion [2]
Ljk = (xjpik − xkpij)− r2~F ajkTa,
Mk =
1
2(pijLjk + Ljkpij) + c0
xk
r
, (2.7)
which satisfy [H,Ljk] = 0 = [H,Mk]. Here
F ajk = ∂jAak − ∂kAaj + ϵabcAbjAck. (2.8)
is the Yang-Mills field tensor and pij = −i~ ∂∂xj − ~AajTa which obey the
commutation relations
[pij, xk] = −i~δjk, [pij, pik] = i~2F ajkTa. (2.9)
The integrals Ljk and Mk close to the so(6) algebra [44]
[Lij, Lmn] = i~δimLjn − i~δjmLin − i~δinLjm + i~δjnLim,
[Lij,Mk] = i~δikMj − i~δjkMi, [Mi,Mk] = −2i~HLik. (2.10)
The so(6) symmetry algebra is very useful in deriving the energy spectrum
of the system algebraically.
The Casimir operators of so(6) are given by [45, 46]
Kˆ1 =
1
2DµνDµν , Kˆ2 = ϵµνρστλDµνDρσDτλ,
Kˆ3 =
1
2DµνDνρDρτDτµ, (2.11)
where µ, ν = 0, 1, 2, 3, 4 and
D =
(
Ljk −(−2H)1/2Mk
(−2H)1/2Mk 0
)
. (2.12)
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The eigenvalues of the operators Kˆ1, Kˆ2 and Kˆ3 are [47]
K1 = µ1(µ1 + 4) + µ2(µ2 + 2) + µ23,
K2 = 48(µ1 + 2)(µ2 + 1)µ3,
K3 = µ21(µ1 + 4)2 + 6µ1(µ1 + 4) + µ22(µ2 + 2)2 + µ43 − 2µ23, (2.13)
respectively, where µ1, µ2 and µ3 are positive integers or half-integers and
µ1 ≥ µ2 ≥ µ3. One can represent the operators Kˆ1, Kˆ2, Kˆ3 in the form [46]
Kˆ1 = − c02~2H + 2Tˆ
2 − 4, Kˆ2 = 48
(
− µ02~2H
)1/2
Tˆ 2,
Kˆ3 = K21 + 6K1 − 4K1Tˆ 2 − 12Tˆ 2 + 6Tˆ 4. (2.14)
Denote by T the eigenvalue of Tˆ 2. Then,
K1 − 2T (T + 1) = µ1(µ1 + 4),
µ22(µ2 + 2)2 + µ43 − 2µ23 = 2T 2(T + 1)2, (2.15)
The energy levels of the Yang-Coulomb monopole system are given by
ϵTn = −
c0
2~2(n2 + 2)2
, (2.16)
where use has been made of µ1 = n2 with n being nonnegative integer.
3 Kepler system with non-central potentials
and Yang-Coulomb monopole interaction
Let us now consider the 5D Kepler system deformed with non-central poten-
tials in Yang-Coulomb monopole field. The Hamiltonian is given by [2, 4, 30]
H = 12
(
−i~ ∂
∂xj
− ~AajTa
)2
+ ~
2
2r2 Tˆ
2 − c0
r
+ c1
r(r + x0)
+ c2
r(r − x0) ,
(3.1)
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where c1 and c2 are positive real constants. We can construct the integrals
of motion of (3.1) by deforming the integrals (2.7) of (2.1),
A = L˜2 + 2rc1(r + x0)
+ 2rc2(r − x0) ,
B = Mk +
c1(r − x0)
~2r(r + x0)
+ c2(r + x0)
~2r(r − x0) , (3.2)
where
L˜2 =
∑
j<k
L2jk, j, k = 0, 1, 2, 3, 4. (3.3)
It can be checked that these integrals satisfy the commutation relations
[H,A] = 0 = [H,B]. (3.4)
In addition, still some components of the first order integrals of motion Ljk
for j, k = 1, 2, 3, 4 of the Hamiltonian (2.1) commute as well as with the
Hamiltonian (3.1). So the 5D deformed Kepler YCM system (3.1) is mini-
mally superintegrable as it has 6 algebraically independent integrals of motion
including H. Define
Lˆ2 =
∑
j<k
L2jk, j, k = 1, 2, 3, 4. (3.5)
Lˆ2 is a Casimir operator of the so(4) Lie algebra and is also a central element
of the commutation algebra. The integrals A,B (3.2) have the following
diﬀerential operator realization:
A = ~2
[
−r2 ∂
2
∂x2j
+ xjxk
∂2
∂xj∂xk
+ 4xj
∂
∂xj
2r
r + x0
Tˆ 2
+2ir2AajTa
∂
∂xj
+ 2rc1(r + x0)
+ 2rc2(r − x0)
]
,
B = ~2
[
x0
∂2
∂x2j
− xj ∂
2
∂x0∂xj
+ i(r − x0)AajTa
∂
∂xj
− 2 ∂
∂x0
+ (r − x0)
r(r + x0)
Tˆ 2 + c0
~2
x0
r
]
+ c1(r − x0)
~2r(r + x0)
+ c2(r + x0)
~2r(r − x0) . (3.6)
These diﬀerential expressions are associated with the multiseparability of the
Hamiltonian, as will be seen later. However, let us point out that in general
systems with monopole interactions are not separable [48].
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4 Algebra structure, unirreps and energy spec-
trum
By direct computation, we can show that the integrals A, B (3.2) and the
central elements H, Lˆ2, Tˆ 2 close to form the following quadratic algebra
Q(3;Lso(4), T su(2)),
[A,B] = C, (4.1)
[A,C] = 2{A,B}+ 8B − 2c0(c1 − c2)− 4c0Tˆ 2, (4.2)
[B,C] = −2B2 + 8HA− 4Lˆ2H + (16− 4c1 − 4c2)H + 2c20. (4.3)
The Casimir operator is a cubic combination of the generators, given explic-
itly by
Kˆ = C2 − 2{A,B2} − 4B2 − 2{4c0(c2 − c1)− 4c0Tˆ 2}B + 8HA2
+2{(16− 8c1 − 8c2)H − 4Lˆ2H + 2c20}A. (4.4)
Using the diﬀerential realization (3.6) of the integrals A and B, we can show
that the Casimir operator (4.4) takes the form,
Kˆ = −8H(Tˆ 2)2 + 16Lˆ2H − 8(c1 − c2)Tˆ 2H − 2{(c1 − c2)2
+8(2− c1 − c2)}H + 4c20Lˆ2 + 4c20(c1 + c2 − 1). (4.5)
Notice that the first order integrals of motion {Lij, i, j = 1, 2, 3, 4} generate
the so(4) algebra
[Lij, Lmn] = i~(δimLjn − δjmLin − δinLjm + δjnLim). (4.6)
So the full dynamical symmetry algebra of the Hamiltonian (3.1) is a direct
sum Q(3;Lso(4), T su(2)) ⊕ so(4) of the quadratic algebra Q(3;Lso(4), T su(2))
and the so(4) Lie algebra, with structure constants involving the Casimir
operators Lˆ2, Tˆ 2 of so(4), su(2).
In order to obtain the energy spectrum of the system, we now construct
a realization of the quadratic algebra Q(3;Lso(4), T su(2)) in terms of the de-
formed oscillator algebra of the form [34, 49],
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ). (4.7)
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Here ℵ is the number operator and Φ(x) is well behaved real function satis-
fying
Φ(0) = 0, Φ(x) > 0, ∀x > 0. (4.8)
It is non-trivial to obtain such a realization and to find the structure function
Φ(x). After long computations, we get
A = (ℵ+ u)2 − 94 ,
B = b(ℵ) + b†ρ(ℵ) + ρ(ℵ)b, (4.9)
where
b(ℵ) = c0(c1 − c2) + c0Tˆ
2
(ℵ+ u)2 − 14
,
ρ(ℵ) = 13.220(ℵ+ u)(1 + ℵ+ u){1 + 2(ℵ+ u)2} , (4.10)
and u is a constant to be determined from the constraints on the structure
function Φ. Using (4.1-4.3) and (4.4), we find
Φ(x;u,H) = 98304[2c20 +H{1− 2(x+ u)}2][4c21 + 4c22 + {1− 2(x+ u)}2
×{4(x+ u)(x+ u− 1)− 4Lˆ2 − 3} − 4c1[2c2 + {1− 2(x+ u)}2
−4Tˆ 2] + 16(Tˆ 2)2 − 4c2[{1− 2(x+ u)}2 + 4Tˆ 2]]. (4.11)
A set of appropriate quantum numbers can be defined in same way as in
[3, 50]. We can use the subalgebra chains so(4) ⊃ so(3) ⊃ so(2) and so(3) ⊃
so(2) for Lˆ2 and Tˆ 2 respectively. The Casimir operators Jˆ2(α) of the related
chains can be written as [50]
Jˆ2(α) =
α∑
i<j
J2ij, α = 2, 3, 4. (4.12)
We need to use an appropriate Fock space in order to obtain finite-dimensional
unitary irreducible representations (unirreps) ofQ(3;Lso(4), T su(2)). Let |n,E >≡
|n,E, l4, l3, l2 > donote the Fock basis states, where l4, l3, l2 are quantum
numbers of Jˆ2(α), α = 4, 3, 2, respectively. Then the eigenvalues of the Casimir
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operators Lˆ2 and Tˆ 2 are ~2l4(l4 +2) and ~2T (T +1), respectively. By acting
the structure function on the Fock states |n,E⟩ with ℵ|n,E⟩ = n|n,E⟩ and
using the eigenvalues of H, Lˆ2 and Tˆ 2, we get
Φ(x;u,E) = [x+ u− (12 −
c0√−2E )][x+ u− (
1
2 +
c0√−2E )]
×[x+ u− 12(1 +m1 +m2)][x+ u−
1
2(1 +m1 −m2)]
×[x+ u− 12(1−m1 +m2)][x+ u−
1
2(1−m1 −m2)],
(4.13)
where m21 = 1 + 2c1 + ~2l4(l4 + 2) + 2~2T (T + 1), m22 = 1 + 2c2 + ~2l4(l4 +
2) − 2~2T (T + 1). For the unirreps to be finite dimensional, we impose the
following constraints on the structure function (4.13),
Φ(p+ 1;u,E) = 0, Φ(0;u,E) = 0, Φ(x) > 0, ∀x > 0, (4.14)
where p is a positive integer. These constraints give (p + 1)-dimensional
unirreps and their solution gives the energy E and constant u. The energy
spectrum is
E = − c
2
0
2(p+ 1 + m1+m22 )2
. (4.15)
The total number of degeneracies depends on p + 1 only when the other
quantum numbers would be fixed. These quantum numbers do not increase
the total number of degeneracies.
5 Separation of variables
In this section we show that the Hamiltonian (3.1) is multiseparatble and
allows separation of variables in the hypersherical and parabolic coordinates.
We also show that the dual system of (3.1) is separable in the Euler and
cylindrical coordinates.
9
5.1 Hyperspherical coordinates
We define the hyperspherical coordinates r ∈ [0,∞), θ ∈ [0, pi], α ∈ [0, 2pi),
β ∈ [0, pi] and γ ∈ [0, 4pi) in the space R5 by
x0 = r cos θ,
x1 + ix2 = r sin θ cos
β
2 e
i(α+γ)/2,
x3 + ix4 = r sin θ sin
β
2 e
i(α−γ)/2. (5.1)
In this coordinate system the diﬀerential elements of length, volume and the
Laplace operator can be expressed [13] as
dl2 = dr2 + r2dθ2 + r
2
4 sin
2 θ(dα2 + dβ2 + dγ2 + 2 cos θdαdγ),
dV = r
4
8 sin
3 θ sin βdrdθdαdβdγ,
∆ = 1
r4
∂
∂r
(r4 ∂
∂r
) + 1
r2 sin3 θ
∂
∂θ
(sin3 θ ∂
∂θ
)− 4Lˆ
2
r2 sin2 θ , (5.2)
with Lˆ2 = L21 + L22 + L23 and
L1 = i
(
cosα cot β ∂
∂α
+ sinα ∂
∂β
− cosαsin β
∂
∂γ
)
,
L2 = −i
(
sinα cot β ∂
∂α
− cosα ∂
∂β
− sinαsin β
∂
∂γ
)
,
L3 = i
∂
∂α
. (5.3)
With the help of the identity[5]
iAaj
∂
∂xj
= 2
r(r + x0)
La, (5.4)
with
L1 =
i
2(D41 +D32), L2 =
i
2(D13 +D42),
L3 =
i
2(D12 +D34), Djk = −xj
∂
∂xk
+ xk
∂
∂xj
, (5.5)
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the Schrödinger equation Hψ = Eψ of (3.1) can be written as[
∆rθ − Lˆ
2 + c2
~2r2 sin2 θ2
− Jˆ
2 + c1
~2r2 cos2 θ2
]
ψ + 2
~2
(E + c0
r
)ψ = 0, (5.6)
where
∆rθ =
1
r4
∂
∂r
(r4 ∂
∂r
) + 1
r2 sin3 θ
∂
∂θ
(sin3 θ ∂
∂θ
), (5.7)
Jˆ2 = JaJa with Ja = La + Ta, a = 1, 2, 3. The operators La and Ja satisfy
the commutation relations
[La, Lb] = iϵabcLc, [Ja, Jb] = iϵabcJc. (5.8)
Equation (5.6) is separable in the hyperspherical coordinates using the eigen-
functions of Lˆ2, Tˆ 2 and Jˆ2 with the eigenvalues ~2L(L+ 1), ~2T (T + 1) and
~2J(J + 1), respectively. This is seen as follows. We make the separation
ansatz [5]
ψ = Φ(r, θ)DJMLTm′t′(α, β, γ, αT , βT , γT ), (5.9)
where
DJMLTm′t′(α, β, γ, αT , βT , γT ) =
√
(2L+ 1)(2T + 1)
4pi4
∑
M=m+t
CJML,m;T,t
×DLmm′(α, β, γ)DTtt′(αT , βT , γT ), (5.10)
and CJML,m;T,t are the Clebseh-Gordon coeﬃcients that arise in angular mo-
mentum coupling and appear as the expansion coeﬃcients of total angular
momentum eigenstates in uncoupled tensor product basis [51]; Djmm′ are the
su(2) Wigner D-functions of dimension 2j + 1 with j = 0, 1/2, 1, 3/2, 2, . . .
and m = −j,−j + 1, . . . , j [52]. Substituting the ansatz into (5.6) leads to
the diﬀerential equation for the the function Φ(r, θ)[
∆rθ − L(L+ 1) +
c2
~2
r2 sin2 θ2
− J(J + 1) +
c1
~2
r2 cos2 θ2
+ 2
~2
(E + c0
r
)
]
Φ(r, θ) = 0.
(5.11)
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Setting the function Φ(r, θ) = R(r)F (θ), (5.11) is separated into the ordinary
diﬀerential equations[
d2
dθ2
+ 3 cot θ d
dθ
− 2{L(L+ 1) +
c2
~2}
1− cos θ −
2{J(J + 1) + c1~2}
1 + cos θ + Λ
]
F (θ) = 0,
(5.12)[
d2
dr2
+ 4
r
d
dr
+ 2
~2
(E + c0
r
)− Λ
r2
]
R(r) = 0, (5.13)
where Λ is the separation constant. Solutions of (5.12) and (5.13) in terms
of the Jacobi and confluent hypergeometric polynomials [53] are as follows
F (θ) = FλJL(θ; δ1, δ2)(1 + cos θ)(δ1+J)/2(1− cos θ)(δ2+L)/2
×P (δ2+L,δ1+J)λ−J−L (cos θ),
R(r) = Rnλ(r : δ1, δ2)e−
κr
2 (κr)λ+
δ1+δ2
2 1F1(−n, 4 + 2λ+ δ1 + δ2;κr),
(5.14)
where
Λ = (λ+ δ1 + δ22 )(λ+
δ1 + δ2
2 + 3), λ ∈ N,
δ1 = −1 +
√
4c1
~2
+ (2J + 1)2 − J,
δ2 = −1 +
√
4c2
~2
+ (2L+ 1)2 − L,
−n = − 2c0
~2κ
+ δ1 + δ22 + λ+ 2, E =
−κ2~2
8 . (5.15)
Hence the energy spectrum
E = − c
2
0
2~2(n+ λ+ 2 + δ1+δ22 )2
. (5.16)
This physical spectrum coincides with (4.15) obtained from algebraic deriva-
tion by the identification p = n+ λ+ 1, δ1 = m1, δ2 = m2 and ~ = 1.
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5.2 Parabolic coordinates
The parabolic coordinates are defined by
x0 =
1
2(µ− ν),
x1 + ix2 =
√
µν cos β2 e
i(α+γ)/2,
x3 + ix4 =
√
µν sin β2 e
i(α−γ)/2, (5.17)
with µ, ν ∈ [0,∞). The diﬀerential elements of length, volume and Laplace
operator in this coordinates can be expressed as
dl2 = µ+ ν4
(
dµ2
µ
+ du
2
ν
)
+ µν4 (dα
2 + dβ2 + dγ2 + 2 cos θdαdγ),
dV = µν32 (µ+ ν) sin βdµdνdαdβdγ,
∆ = 4
µ+ ν
[
1
µ
∂
∂µ
(µ2 ∂
∂µ
) + 1
ν
∂
∂ν
(ν2 ∂
∂ν
)
]
− 4
µν
Lˆ2. (5.18)
The Schrödinger equation Hψ = Eψ of the Hamiltonian (3.1) in this coor-
dinates becomes[
∆µν − 4(Jˆ
2 + c1)
~2µ(µ+ ν) −
4(Lˆ2 + c2)
~2ν(ν + µ) +
2
~2
(E + c0
µ+ ν )
]
ψ = 0, (5.19)
where
∆µν =
4
µ+ ν
[
1
µ
∂
∂µ
(µ2 ∂
∂µ
) + 1
ν
∂
∂ν
(ν2 ∂
∂ν
)
]
. (5.20)
Making the ansatz of the form [9]
ψ = f1(µ)f2(ν)DJMLTm′t′(α, β, γ, αT , βT , γT ), (5.21)
in (5.19), the wave functions are separated and lead to the following ordinary
diﬀerential equations
1
µ
d
dµ
(µ2df1
dµ
) +
[
E
2~2µ−
J(J + 1) + c1~2
µ
+ c02~2 +
~
2 Λ˜
]
f1 = 0, (5.22)
1
ν
d
dν
(ν2df2
dν
) +
[
E
2~2ν −
L(L+ 1) + c2~2
ν
+ c02~2 −
~
2 Λ˜
]
f2 = 0, (5.23)
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where Λ˜ is the separation constant. Solutions of (5.22) and (5.23) are given
by the confluent hypergeometric polynomials [53],
f1 = e−
κµ
2 (κµ)δ1+JF (−n1, δ1 + J + 2, κµ),
f2 = e−
κν
2 (κν)δ2+LF (−n2, δ2 + L+ 2, κν), (5.24)
where
δ1 = −1 +
√
4c1
~2
+ (2J + 1)2 − J,
δ2 = −1 +
√
4c2
~2
+ (2L+ 1)2 − L,
−n1 = 12(δ1 + J) + 1−
~
2κΛ˜−
c0
2κ~2 ,
−n2 = 12(δ2 + L) + 1 +
~
2κΛ˜−
c0
2κ~2 , E =
−~2κ2
2 . (5.25)
Set
n1 + n2 =
c0
κ~2
− 12(δ1 + δ2 + J + L)− 2. (5.26)
The energy spectrum
E = − c
2
0
2~2{n1 + n2 + 12(δ1 + δ2 + J + L) + 2}2
. (5.27)
Making the identification p = n1+n2+ J+L2 +1, δ1 = m1, δ2 = m2 and ~ = 1,
the energy spectrum becomes (4.15).
5.3 Euler spherical coordinates
The 5D Kepler system with non-central terms and Yang-Coulomb monopole
is dual to the 8D singular oscillator via Hurwitz transformation [30]. The
symmetry algebra structure and energy spectrum of the 8D singular oscillator
has been studied in [30]. In this and next subsections we show the separabil-
ity this dual system in the Euler spherical and cylindrical coordinates, and
compare our results for the spectrum with those obtained in [30].
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The Hamiltonian of the 8D singular oscillator reads
H = −~
2
2
7∑
i=0
∂2
∂u2i
+ ω
2
2
7∑
i=0
u2i +
λ1
u20 + u21 + u22 + u23
+ λ2
u24 + u25 + u26 + u27
.
(5.28)
In the Euler 8D spherical coordinates [14]
u0 + iu1 = u cos
θ
2 sin
βT
2 e
−i (αT−γT )2 ,
u2 + iu3 = u cos
θ
2 cos
βT
2 e
i
(αT+γT )
2 ,
u4 + iu5 = u sin
θ
2 sin
βK
2 e
i
(αK−γK )
2 ,
u6 + iu7 = u sin
θ
2 cos
βK
2 e
−i (αK+γK )2 , (5.29)
where 0 ≤ u <∞, 0 ≤ θ ≤ pi, we have
7∑
i=0
∂2
∂u2i
= 1
u7
∂
∂u
(u7 ∂
∂u
) + 4
u2 sin3 θ
∂
∂θ
(sin3 θ ∂
∂θ
)− 4
u2 cos2 θ2
Tˆ 2 − 4
u2 sin2 θ2
Kˆ2,
(5.30)
with
Tˆ 2 = −
[
∂2
∂β2T
+ cot βT
∂
∂βT
+ 1sin2 βT
(
∂
∂α2T
− 2 cos βT ∂
2
∂αT∂γT
+ ∂
2
∂γ2T
)]
,(5.31)
Kˆ2 = −
[
∂2
∂β2K
+ cot βK
∂
∂βK
+ 1sin2 βK
(
∂
∂α2K
− 2 cos βK ∂
2
∂αK∂γK
+ ∂
2
∂γ2K
)]
.(5.32)
For the separation of the wavefunctions in the form
ψ = R(u)F (θ)DTtt′(αT , βT , γT )DKkk′(αK , βK , γK), (5.33)
with
Tˆ 2DTtt′ = T (T + 1)DTtt′ , Kˆ2DKkk′ = K(K + 1)DKkk′ , (5.34)
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the Schrödinger equation HΨ = ϵΨ leads to the ordinary diﬀerential equa-
tions[
d2
du2
+ 7
u
d
du
− Γ
u2
+ 2ϵ
~2
− ω
2
~2
u2
]
R(u) = 0, (5.35)[
1
sin3 θ
d
dθ
(sin3 θ d
dθ
)− T (T + 1) +
λ1
2~2
cos2 θ2
− K(K + 1) +
λ2
2~2
sin2 θ2
+ Γ4
]
F (θ) = 0,
(5.36)
where Γ is the separation of constant. The solution of (5.36) in terms of
Jacobi polynomials [53] as follows
F (θ) = FλTK(θ; δ1, δ2)(1 + cos θ)(δ1+T )/2(1− cos θ)(δ2+K)/2
×P (δ2+K,δ1+T )λ−T−K (cos θ), (5.37)
where
Γ = 4(λ+ δ1 + δ22 )(λ+
δ1 + δ2
2 + 3), λ ∈ N,
δ1 = −1 +
√
2λ1
~2
+ (2T + 1)2 − T,
δ2 = −1 +
√
2λ2
~2
+ (2K + 1)2 −K. (5.38)
The solution of (5.35) in terms of the confluent hypergeometric functions [53]
R(u) = Rnλ(u; δ1, δ2)e−
κu2
2 (κu2)λ+
δ1+δ2
2 1F1(−n, 4 + 2λ+ δ1 + δ2;κu2),(5.39)
where
−n = δ1 + δ22 + λ+ 2−
ϵ
2κ~2 , ω
2 = κ2~2. (5.40)
Hence
ϵ = 2~2κ(n+ δ1 + δ22 + λ+ 2). (5.41)
Using the relations between the parameters of the generalized Yang-Coulomb
monopole and the 8D singular oscillator,
c0 =
ϵ
4 , E =
−ω2
8 , 2ci = λi, i = 1, 2, (5.42)
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we obtain
E = − c
2
0
2~2
(
n+ λ+ 2 + δ1+δ22
)2 , (5.43)
which coincides with (5.16).
5.4 Cylindrical coordinates
Consider the 8D cylindrical coordinates
u0 + iu1 = ρ1 sin
βT
2 e
−i (αT−γT )2 ,
u2 + iu3 = ρ1 cos
βT
2 e
i
(αT+γT )
2 ,
u4 + iu5 = ρ2 sin
βK
2 e
i
(αK−γK )
2 ,
u6 + iu7 = ρ2 cos
βK
2 e
−i (αK+γK )2 , (5.44)
where 0 ≤ ρ1, ρ2 <∞. Then we have in this coordinate system,
7∑
i=0
∂2
∂u2i
= 1
ρ31
∂
∂ρ1
(ρ31
∂
∂ρ1
) + 1
ρ32
∂
∂ρ2
(ρ32
∂
∂ρ2
)− 4
ρ21
Tˆ 2 − 4
ρ22
Kˆ2, (5.45)
Tˆ 2 = −
[
∂2
∂β2T
+ cot βT
1
sin2 βT
(
∂
∂α2T
− 2 cos βT ∂
2
∂αT∂γT
+ ∂
2
∂γ2T
)]
, (5.46)
Kˆ2 = −
[
∂2
∂β2K
+ cot βK
1
sin2 βK
(
∂
∂α2K
− 2 cos βK ∂
2
∂αK∂γK
+ ∂
2
∂γ2K
)]
.(5.47)
Making the ansatz
ψ = f1f2DTtt′(αT , βT , γT )DKkk′(αK , βK , γK) (5.48)
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and change of variables xi = a2ρ2i , a =
√
ω
~ , the Schrödinger equation Hψ =
ϵψ is converted to
x1
d2f1
dx21
+ 2 df1
dx1
−
[
T (T + 1) + λ12~2
x1
+ x14 −
ϵ1
2~ω
]
f1 = 0, (5.49)
x2
d2f2
dx22
+ 2 df2
dx2
−
[
K(K + 1) + λ22~2
x2
+ x24 −
ϵ2
2~ω
]
f2 = 0. (5.50)
where ϵ1 + ϵ2 = ϵ. Setting fi = e−
xi
2 x
δi+zi
2
i W (xi), i = 1, 2, then (5.49) and
(5.50) become
xi
d2W (xi)
dx2i
+ (γi − xi)dW (xi)
dxi
− αiW (xi) = 0, (5.51)
where αi = γi2 − ϵi2~ω , γi = δi + zi + 2, z1 = T , z2 = K and
δi = −1 +
√
2λi
~2
+ (2zi + 1)2 − zi, i = 1, 2. (5.52)
Solutions of (5.51) in terms of confluent hypergeometric polynomials [53] are
given by
fni,γi = (aρi)γi−2e−
a2ρ2
i
2 1F1(−ni, γi, a2ρ2i ), (5.53)
where
ni =
ϵi
2~ω −
1
2(δi + zi + 2), i = 1, 2. (5.54)
We thus found the energy spectrum of the 8D singular oscillator
ϵ = 2~ω
(
n1 + n2 +
δ1 + δ2
2 +
T +K
2 + 2
)
. (5.55)
Using the relations (5.42) between the parameters of the generalized Yang-
Coulomb monopole and the 8D singular oscillator, we obtain
E = − c
2
0
2~2
(
n1 + n2 + δ1+δ22 +
T+K
2 + 2
)2 , (5.56)
which coincides with (4.15) by making the identification p = n1+n2+ T+K2 +1,
δ1 = m1, δ2 = m2 and ~ = 1.
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6 Conclusion
One of the results of this paper is the determination of the higher rank
quadratic algebra structure Q(3;Lso(4), T su(2)) ⊕ so(4) in the 5D deformed
Kepler system with non-central terms and Yang-Coulomb monopole inter-
action. The structure constants of the quadratic algebra Q(3;Lso(4), T su(2))
contain Casimir operators of the so(4) and su(2) Lie algebras. The realiza-
tion of this algebra in terms of deformed oscillator enable us to provide the
finite dimensional unitary representations and the degeneracy of the energy
spectrum of the model. We also connected these results with method of
separation of variables, solution in terms of orthogonal polynomials and the
dual under Hurwitz transformation which is a 8D singular oscillator.
It would be interesting to extend these results to systems in curved spaces,
in particular to the 8D pseudospherical (Higgs) oscillator and its dual system
involving monopole [16]. Moreover, higher dimensional superintegrable mod-
els with monopole interactions are still relatively unexplored area. One of
the open problems is to construct the non-central deformations of the known
higher-dimensional models [54, 55] and their symmetry algebras.
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